Abstract-A general purpose block-to-block affine transformation estimator is described. The estimator is based on Fourier slice analysis and Fourier spectral alignment. It shows encouraging performance in terms of both speed and accuracy compared to existing methods. The key elements of its success are attributed to the ability to: 1) locate an arbitrary number of affine invariant points in the spectrum that latch onto significant structural features; 2) match the estimated invariant points with the target spectrum by the slicewise phase-correlation; and 3) use affine invariant points to directly compute all linear parameters of the full affine transform by spectral alignment. Experimental results using a wide range of textures are presented. Potential applications include affine invariant image segmentation, registration, affine symmetric image coding, and motion analysis.
Local Affine Image Matching and Synthesis
Based on Structural Patterns
Heechan Park, Member, IEEE, Graham R. Martin, Member, IEEE, and Abhir Bhalerao, Member, IEEE Abstract-A general purpose block-to-block affine transformation estimator is described. The estimator is based on Fourier slice analysis and Fourier spectral alignment. It shows encouraging performance in terms of both speed and accuracy compared to existing methods. The key elements of its success are attributed to the ability to: 1) locate an arbitrary number of affine invariant points in the spectrum that latch onto significant structural features; 2) match the estimated invariant points with the target spectrum by the slicewise phase-correlation; and 3) use affine invariant points to directly compute all linear parameters of the full affine transform by spectral alignment. Experimental results using a wide range of textures are presented. Potential applications include affine invariant image segmentation, registration, affine symmetric image coding, and motion analysis.
Index Terms-Affine estimation, structural texture.
I. INTRODUCTION
A N ability to efficiently estimate geometric transformations is desired in many vision related applications. Determining the transformation parameters, which map pixels from one image to the corresponding pixels in related images, enables the comparison of images obtained from different views or time frames. The parameters could be utilized to correct misalignment [1] , [2] , to determine properties such as motion, depth or shape [3] , [4] , or as a distance feature between pairs of images in a classification task [5] - [7] . There are various approaches to estimating a local matching transform [8] , [5] , [6] , [2] , [9] - [13] , among which gradient methods are considered to be the state-of-the-art. Fourier based gradient schemes have been widely accepted and utilized to estimate large rotation, scaling, and translation. This paper seeks to explore a Fourier based affine estimation termed the affine estimator and further apply it to the task of image synthesis [14] .
A. Problem Formulation
The estimation of geometric deformation can be simplified by using knowledge of the imaging process to constrain the class of transformation. The simplest example is to assume that the deformation is only translational. This is an adequate assumption only when certain imaging conditions are maintained, such as when the viewpoint is perpendicular to the object and the distance to the object is constant. A more flexible approach is to assume that the images are related by a six parameter affine transformation, corresponding to scaling, rotation, shear, and translation. The standard affine transformation, in space is defined as (1) where and represent a linear part and a translational part of the transformation respectively. The question is, given two similar images related by an affine transformation, is it possible to accurately and efficiently estimate the affine transform? Additionally, how similar is a transformed image to the target image if the images are not related but just look similar?
B. Strategy
A straightforward approach to determining the optimal affine parameters involves a brute-force search of a 6-D space, illustrated in Fig. 1 . It requires computation of the matrix multiplication using (1) and the corresponding error, shown in (2) resulting from not only every translational change but also by all possible linear deformations (2) where and are the two patches. This suggests two possibilities to simplify the problem. The first is to reduce the volume of data because comparing the whole image pixel-bypixel is time consuming; instead, extracting spatial features that represent the characteristics of an image well, and are invariant under affine deformation, trims down the volume to a much smaller set of 2-D coordinate points. Their deformation with respect to that of the target image directly reveals the affine transform of the whole image. A large body of work on detection of affine invariant points has been reported in [10] , [15] , [16] . It is useful to run an affine invariant detector with random sample 1057-7149/$26.00 © 2010 IEEE Fig. 2 . Overview of Affine transform estimation process: source and target local regions are input at the top of the flow. The DFT spectrum of the source is modelled then affine parameters of the transformed model that best describe the target spectrum are sought. An estimate of the target block's spectrum is correlated with the data to estimate the translation. Contrast scaling is estimated and adjusted (bottom).
model fitting algorithms such as RANSAC. The second possibility is to make the search space smaller. This is where the various properties of the Fourier domain are beneficial to simplify the problem [17] , [18] . For instance, translational change can be sought in the frequency domain regardless of rotation, scale or shear change; hence, reducing the search space dramatically. We focus on the latter approach.
C. Motivation
An effective affine estimation algorithm was introduced that incorporates Fourier slice analysis [19] , [7] and Fourier spectral alignment [5] , [9] , the key motivation being shown in the following.
• Robustness: ability to locate and determine an arbitrary number of affine invariant points in the Fourier spectrum and to match them to the target in an adaptive manner.
• Accuracy: ability to take the phase-gradient information into account, as opposed to some methods that deal with only the energy of the directional pattern.
• Efficiency: ability to use affine invariant points to directly compute all parameters of the full affine transform by spectral alignment, as opposed to the limited estimation possible with other Fourier based methods that exclude shear. In the following, Section II reviews Fourier based affine estimation schemes. Section III presents a fast and accurate estimation method that utilizes Fourier slice analysis. Experimental performance and comparison with other techniques are given in Section VI with application of the estimator to image synthesis. Finally, conclusions are drawn in Section V.
II. FOURIER BASED AFFINE ESTIMATION
For the past few decades researchers have studied affine estimation for motion estimation and image registration and various methods have been suggested. The Fourier transform is often adopted due to a useful linear property. Given the Fourier transform of the source block , and a linear relation with the Fourier transform of a target block , a linear relation holds in the spatial domain too. This is the affine theorem
In addition to its linearity property, the Fourier spectrum is a popular domain in which to estimate geometric transformations, since the Fourier transform decomposes the geometric transform, into two parts: a linear part, that affects only the power spectrum and a translation part , that is exhibited as a phase gradient. Suppose and satisfy (4) The Fourier transform of (4) yields the following by the shift theorem (5) This allows separate estimation of the translational offset and the linear transform, which dramatically reduces the search space. The overall process of Fourier based estimation is illustrated in Fig. 2 . The translational offset, is efficiently obtained using the well-known relation, deduced from (5), between the correlation and the Fourier transform as [20] (6) where represents an affine transformed version of a source block, , and is the complex conjugate. Provided that the blocks are prewhitened, a contrast function can be introduced as follows: (7) where is a contrast coefficient and is the mean of the target block. Various methods of reducing the amount of computation involved in estimating the linear transform (shaded part of Fig. 2 ) have been suggested. Three distinct approaches that estimate the linear part of the geometric transformation are reviewed in the following, and their strengths and shortcomings are identified. 
A. Least-Square Based Estimation
Bhalerao and Wilson [6] , [21] simplified the problem as a class of parametric optimisation. They approached the estimation of the affine transformation using the Levenberg-Marquardt (LM) [22] optimisation with a Gaussian mixture model [23] . Their algorithm proceeds with modelling the Fourier power spectrum of each patch by a Gaussian mixture. Then, an affine transform relating the two mixture models is estimated using LM. Employing a Gaussian mixture model to represent the directional and symmetric distribution of the Fourier spectrum is an attractive approach in that each constituent Gaussian model can effectively represent a distinctive directional energy cluster. To model the Fourier power spectrum with LM, a set of partial derivatives of the covariance matrix of the Gaussian mixture model is needed (8) where is a weight factor for each component Gaussian model,
. The LM then fine-tunes the covariance matrix of each Gaussian model such that the error (9) between the mixture model and the source region's power spectrum is minimized. In the same manner, the LM algorithm optimizes the affine parameters so that the overall error between the model and the target region's spectrum, shown in (10), is minimized using partial derivatives of the parameters (10)
The least-square optimisation approach is simple and powerful, and covers the full affine transform. However, the computational requirement is significant. This is mainly because the error shown in (10) needs to be updated at every iteration in order to guide the direction of the gradient of the least-squares. Nonlinear optimization by nature is liable to become trapped in local optima. Having multiple initial starting points will help partly to alleviate this problem, but the computational burden is increased further.
B. Spectral-Alignment Based Estimation
The affine transform in (1) can be described as the alignment of a pair of 2-D vectors to another pair. Assuming the presence of double energy clusters in the Fourier spectra of the respective patch, as shown in Fig. 3 , identifying two representative centroids (affine invariant coordinates) of each cluster can disclose an affine transformation relating the two patches by simply solving a matrix equation. Hsu and Wilson [5] introduced angular variance analysis to locate two representative centroids. This is conducted by finding the angles, and , which minimize the sum of the variances, (12) where denotes the coordinate set of the half plane subdivision defined by angles and . is the representative centroid of the corresponding subdivision.
is the sum of the energy (magnitude) of the half plane. The angular segments and the corresponding centroids are equivariant under the invertible transformation of (4), which makes the variance analysis legitimate. This process involves computation of the centroid and variance for every pair of angular segments to find and that minimize the variance sum, for which a fast algorithm using the partial summation technique was developed by Krüger and Calway [24] . A linear part of the affine matrix is estimated by simply aligning the centroids of the segments from both blocks, i.e., solving the following equation for a matrix :
where is a 2 2 matrix that consists of a centroid pair, obtained from block, . Due to the Hermitian symmetry of the spectra, it is necessary to examine all eight possible centroid alignment combinations and choose the one with the maximum correlation using (6) .
The advantage of a spectral alignment based method is that the full affine transform is computed by simply aligning the centroids. The alignment, in fact, also covers reflection symmetry. Successful utilisation in motion analysis was demonstrated in [25] to cope with complex motion. The problem, however, is that the method makes the implicit assumption that double distinct energy clusters divide the half-plane. If the cluster model does not fit, the centroid is likely to fail to latch onto the same structure in the respective spectrum.
C. Phase-Correlation Based Estimation
The Fourier-Mellin estimation is designed for efficient estimation of scale and rotation, taking full advantage of the phase-correlation relation. An image rotation shifts the function along the angular axis. A scaling of the image is reduced to a scaling of the radial coordinate and a magnification of the intensity by a constant factor . Scaling can be further reduced to a translation by using a logarithmic scale for the radial coordinate (14) Therefore, in this polar-logarithmic representation, both rotation and scaling are reduced to translation (15) Rotation and scale can be efficiently estimated by the coordinate of the maximal value of (6). This technique decouples image rotation, scaling, and translation, and is accurate and computationally efficient.
The Fourier-Mellin based scheme is a state-of-the-art accurate estimation technique where the accuracy and speed advantages are maintained even in the presence of noise. The method has been deployed in many applications such as image matching, recognition, and registration, and continues to gain widespread support in new areas. The estimation, however, excludes shear deformation [2] , [8] , which is essential in a viewpoint related or texture approximation task that involves skewed images. 
III. FOURIER-SLICE BASED AFFINE ESTIMATION
An efficient and flexible scheme based on Fourier slice analysis is proposed that exploits the efficiency of spectrum alignment and the adaptiveness of Gaussian mixture modelling. The strategy involves an angular slice through the origin of the Fourier spectrum, the Fourier slice. Using the Fourier slice allows us to utilize the slice-projection theorem, by which the phase gradient can be taken into account, hence, resulting in a more robust estimation. The main stages of the new methods are:
1) the spectral data is modelled by a polar contour signature that captures the directional distribution of energy in the spectrum; 2) the resulting model undergoes an angular analysis that discloses the direction and the strength of an arbitrary number of features; 3) two slices are selected as the representative patterns that spectral alignment is to be based on; 4) the corresponding invariant points on the target spectrum are sought using phase-correlation and eight possible alignments are examined for fitness.
A. Spectrum Modelling
Knowing what is present in an image patch is crucial to determining a relation of what is transformed to what. Directional information is an important component of both natural and synthetic images, to which human vision is sensitive. Let be a normalized Fourier slice integration of the magnitudes, resulting in an adaptively shaped frequency contour which allows the estimation of multiple directional components without prior knowledge of the number of components (16) or on a Cartesian grid (17) where is a normalising factor, which is determined such that the resulting contour includes more than a certain percentage of the total energy along the slice. Generation of the polar contour involves the computation of the projection for . The contour of the multidirectional model is then given by points traversing along the contour (18) The resulting contour represents the energy distribution of the significant directional pattern and is robust to noise. The contour can be used to distinguish important coefficients from others by converting the contour into a binary mask so that coefficients outside the shape are set to zero and the others retained. The binary decision for determining the significance of a coefficient is ill-defined. An ordering of coefficients according to their significance is desirable.
In a similar way to a polar contour, a polar Gaussian is defined as follows. A 1-D Gaussian window per Fourier slice, centred on the DC coefficient (due to the Hermitian symmetry), is used (19) where denotes the deviation of the slice, which can be simply computed by (20) where is the index and denotes the number of samples on the Fourier slice. The choice of using the Gaussian function on the slice is due to the uncertainty principle, that is the Gaussian function achieves optimal spread in space and frequency. It is also smooth in both domains due to the modulation theorem. All the resulting 1-D Gaussian windows are normalized such that , and then the windows are modulated in proportion to in (21) The Gaussian window in the slice representation is converted to the Cartesian form using
The model provides a multidirectional filter, which allows slicewise treatment and, importantly, it can be obtained without any prior knowledge or a nonlinear estimation technique, (cf. Gaussian mixture modelling). A comparative illustration of spectral filtering using different spectral models is shown in Fig. 4 . The polar Gaussian model is shown to fit the energy spectrum best.
B. Representative Slice Selection
In order to determine two representative Gaussian slices, a polar bin grid is adopted for angular analysis. Each bin, is defined and populated by (23) where and is the direction of a Gaussian component, , and is the number of Gaussians in the mixture. is set to imagesize , a value found empirically.
is a Gaussian component with the highest weight, . In each bin, a Gaussian with the greatest weight is selected. Counting the number of selected Gaussian components shows the number of significant directional features. The two largest components are selected as the representative slices. Fig. 5 shows the estimation on a finger print image in which local transforms are estimated by the same spectral alignment method but whose centroids are found differently: one by the angular variance analysis and the other by the polar bin scheme. The polar binning scheme produces superior results.
C. Slicewise Phase Correlation
The Fourier slice that passes through the origin has a mathematical relation to the Radon transform, namely the projection slice theorem (24) where is the Fourier slice function and is the Radon projection in the spatial domain. The theorem states that a Fourier slice at angle , is the Fourier transform of the Radon projection at angle . As slices of the Fourier spectrum of images are readily available, it is possible to simply apply phase correlation using (6) to find a slice with the highest goodness of fit (maximal correlation) in the target image. That is, to compute the correlation of the slices in the vicinity of the representative slice with all slices of the target block , and then to select slices with the greatest correlation as the corresponding target slices.
D. Spectral Alignment
A centroid coordinate, of the representative slices is computed and converted to Cartesian form. The coordinates, are then used for alignment using (25)
E. Implementation
There are several issues to be addressed regarding implementation. First, the slicewise phase correlation operation requires multiple direct and inverse Fourier transforms. The discrete implementation must be computed with care to avoid artefacts due to sampling and truncation. In the case of the unavailability of the polar Fourier spectrum, the Radon projection of an image in the same orientation followed by the Fourier transform provides the required Fourier slice, by (24) . Second, two issues arise in the logarithmic resampling of the spectral magnitude of the image to polar-log coordinates. Care needs to be taken in selecting the starting point of the logarithmic resampling, due to the discontinuity at zero, i.e.,
. The rotation angle and scaling factor can be estimated with an accuracy that depends upon the sampling accuracy, where subpixel precision generally results in a more accurate location of the correlation maximum. Lastly, the angular coordinate of the spectral magnitude is sampled uniformly and the precision of the rotation angle is therefore uniform. However, the logarithmic distortion along the radial coordinate results in a nonuniform precision in scale estimation. The scaling estimation error becomes large as it increases or decreases away from . Experimental evaluation has shown that no significant error is incurred in the range of with a half-pixel precision. 
IV. EXPERIMENTAL EVALUATION
To illustrate the effectiveness of the algorithms, results are presented for the approximation of composited texture images as well as natural images. Four different algorithms: phase correlation (PC); spectral alignment (SA); least squares (LS); and Fourier slice (FS), were tested and the fidelity of the warping approximation was measured by the peak SNR of the approximated texture.
A. Local Transform Estimation
The texture patches are sampled with 128 128 pixel windows as shown in Fig. 6 . For each texture type, a test image of 512 512 pixels is synthesized by compositing the texture replicas transformed by a wide range of rotation, scale, and shear, some of which are depicted in Fig. 7 , using the window function in (26) . The window function of size was used, as given by (26) The composite images are then corrupted by additive, uncorrelated Gaussian noise to give a SNR of 10 dB. The texture images are bandpass filtered by taking the two lowest levels from the Laplacian pyramid. This is to remove low frequency components and focus on the texture information which generally resides in the high frequency band, mixed with noise. The intensity scaling estimation is ignored to avoid any bias that may affect the affine estimation results.
The objectives were to examine the range and accuracy of each type of deformation estimation and a combined deformation, e.g., rotated and then scaled. The comparative test results are shown in Table I . It is observed that the Fourier slice based scheme provides better warping results for transformations involving shear. The key elements are as follows. The first is the use of angular bins that determine the number of significant directional features and change the estimation strategy accordingly. The second is the deterministic nature of the Fourier slice-projection calculation that replaces the iterative process of mixture modelling. The last is taking phase information into account in the spectral alignment. This improves the representative points on which identical structure in the two images can be better registered. The improvements are particularly important to applications that require estimation of the full affine transform, for example in fast motion estimation. Note that although Fourier-Mellin provides fast and accurate estimation, it lacks shear deformation estimation.
B. Application to Image Synthesis
Being self-similar, natural images contain considerable amounts of redundancy. Modelling by affine symmetry the self-similarity that exists between subblocks offers a different viewpoint from which to address various tasks [6] . This approach resembles fractal theory as only a single prototypical block is needed to replicate other blocks of similar texture [4] . Application to natural images is shown in Fig. 8 . The presented work shows the potential of a new type of image approximation or compression. In a similar manner, the Warplet [5] , [21] could be applied to classify subblocks of an image so as to perform segmentation [7] .
V. CONCLUSION
A general purpose block-to-block affine transform estimation method has been presented. It has use in many applications, including image segmentation, registration, image coding and motion analysis. Motion estimation [3] , [12] and image registration [26] - [29] , [1] , in particular, require fast computation and high reliability.
The proposed technique has some important features, it can: 1) identify the significant directional structure from the power spectrum, which is invariant under geometric deformation by the affine theorem; 2) apply slicewise phase correlation to determine the exact corresponding invariant points; 3) perform spectral alignment to reveal the affine transformation and is particularly adept at estimating shears. Compared to state-of-the-art phase correlation schemes, the advantages of the proposed method are the ability to accurately estimate not only the full affine transform but also reflection symmetry, although its computation time is not yet comparable to the phase correlation based scheme. However, there is room for optimisation in many parts of the implementation to further reduce the computation time. For example, by computing the correlation function for a subset of candidate slices judged by the energy distribution around the current representative slice rather than computing it for all possibilities is another means of reducing complexity. Currently, he is working in industry, and his research interests span a wide range of issues in the representation and analysis of visual images, such as image modelling, understanding, machine vision, and compression.
